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1. Introduction and statements of results
Let q(ξ) be a nonnegative smooth function of homogeneous degree one in Rd \ {0} with d  2 and ∇q = 0. We assume
that the “cosphere” associated to q,
Σ = {ξ : q(ξ) = 1},
is a convex hypersurface having non-vanishing Gaussian curvature. Since q is assumed to be smooth and satisfy ∇q = 0, Σ is







e2π ix·ξe2π itq(ξ) f̂ (ξ)dξ.
For α  0 we let Lpα(Rd) denote the Lp-Sobolev space with the norm
‖ f ‖Lpα(Rd) =
∥∥[(1+ |ξ |)α f̂ (ξ)]∨∥∥Lp(Rd).
In the case where q(ξ) = |ξ |, that is, Σ = Sd−1, we have the following local smoothing conjecture.
Conjecture. If d 2 and p > 2+ 2/(d − 1) then the inequality
1∫
−1
∥∥e2π it√− f ∥∥pLp(Rd) dt  C‖ f ‖pLpα(Rd) (1.1)
holds for α  α(p) := d(1/2− 1/p)− 1/2.
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it has been known that the local smoothing conjecture for the wave operator with q(ξ) = |ξ | implies the cone multiplier
conjecture and the cone multiplier conjecture implies the Bochner–Riesz conjecture. Compared to the Bochner–Riesz prob-
lem, little is known for the local smoothing estimate for the wave operator and the cone multiplier problem. See [1,7] and
[3,5,6,10] for the Bochner–Riesz and the cone multiplier problems, respectively.
C.D. Sogge in [14] established (1.1) for d = 2, p = 4, and α > 14 − 0 with some 0 > 0. Afterward, G. Mockenhaupt,
A. Seeger, and C.D. Sogge in [11] improved the above results for p = 4 and α > 18 . In 2000 an important breakthrough
for the local smoothing conjecture for the wave operator was made by T. Wolff in [16] where he developed a method to
prove (1.1) for large value of p and obtained a positive answer for (1.1) when d = 2 and p > 74 with α > α(p). This result
has been extended by I. Łaba and T. Wolff in [9] to higher dimensions. Later, G. Garrigós and A. Seeger in [2] developed
ideas in [9] to obtain a better range of exponents in all dimensions including the case of convex conical hypersurfaces with
non-vanishing Gaussian curvature. Meanwhile, Y. Heo, F. Nazarov, and A. Seeger in [4] recently made progress on arguments
that work eﬃciently for higher dimensional cases d  4 and they proved that (1.1) holds for d  4 and p > 2 + 4/(d − 3)
with α  α(p).
On the other hand, I. Łaba and T. Wolff in [8] extended the “local smoothing” inequality in [9,16] for circular cones
q(ξ) = |ξ | to a wider class of conical hypersurfaces including surfaces with non-vanishing curvature as well as certain
surfaces with more than one ﬂat direction. See also the article [12] by K.M. Rogers for a local smoothing problem for the
Schrödinger equation (q(ξ) = |ξ |2, q(ξ) = ξ21 ± · · · ± ξ2d ), and the paper [13] by K.M. Rogers and A. Seeger for the dispersive
equation (q(ξ) = |ξ |α, α > 1).
In this paper we extend the local smoothing estimates for wave operators in [4] to a more general class of half-wave
operators associated to nondegenerate convex hypersurfaces except for endpoints. Precisely we prove the following theorem.
Theorem 1. Suppose q(ξ) and Σ be as above. If d 4 and p > 2+ 4/(d − 3), then
1∫
−1
∥∥e2π itQ f ∥∥pLp(Rd) dt  C‖ f ‖pLpα(Rd) (1.2)
holds for α > α(p) := d(1/2− 1/p)− 1/2.
Let ψ ∈ C∞0 (Rd) be a function which is constant on dilation of Σ , and equals to 1 near Σ , but vanishes near the origin.
Let χ[−1,1] be the characteristic function of [−1,1]. For λ > 2 we deﬁne an operator Tλ as








Then (1.2) follows from the following theorem.
Theorem 2. If d 4 and p > 2+ 4/(d − 3) then∥∥Tλ( f )∥∥Lp(Rd+1)  Cλ d−12 − dp +‖ f ‖Lp(Rd). (1.3)
2. Reductions
In this section we reduce the estimate in (1.3) to a simpler form to be dealt with. To do this we ﬁrst consider the
exceptional set (Γ )c below and obtain enough decay rate in this set. For the main set Γ  we use a discretization process
for reduction.
In what follows we denote by Fd( f ) the Fourier transform of f in Rd which we shall also write as F( f ) or f̂ when the
dimension is clear from the context. Set





e2π i(x·ξ+tq(ξ))ψ(ξ) f̂ (ξ)dξ.
Then (1.3) follows from∥∥Sλ( f )∥∥Lp(Rd+1)  Cλ(d−1)( 12− 1p )+‖ f ‖Lp(Rd). (2.1)
We note that the operator Sλ is a convolution operator of the form
Sλ( f )(x, t) =
∫
d
Kλ(x− y, t) f (y)dy,
R
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K (x, t). (2.2)






Kλ(x− y, t)g(x, t)dxdt,
(2.1) can be rewritten as∥∥S∗λ(g)∥∥Lp(Rd)  Cλ(d−1)( 1p − 12 )+‖g‖Lp(Rd+1) (2.3)
for 1  p < 2(d−1)d+1 . Since we assume that the cosphere Σ is convex and has non-vanishing Gaussian curvature, for given
x ∈ Rd \ {0} there are exactly two points ω+(x) and ω−(x) in Σ such that their outward unit normal vectors n(ω+(x)) and










Since ω± are homogeneous of degree zero and smooth in Rd \ {0}, it follows that φ± are also smooth and homogeneous of
degree one. Then as in C.D. Sogge’s book (p. 68 of [15]), the inverse Fourier transform of surface measure on the cosphere
satisﬁes∫
Σ




(1+ |x|)(d−1)/2 , (2.5)






∣∣∣∣ Cα |x|−|α| for all α. (2.6)
We ﬁrst obtain estimates for decay rate of the kernel function.
Lemma 2.1. Let K and φ± be as in (2.2) and (2.4). We then have
(1) |K (x, t)| CN (1+ |(x, t)|)−d+12 [∑±(1+ |t + φ±(x)|)−N ],
(2) | ∫
Rd
K (x− y, t)K (x′ − y, t′)dy| CN (1+ |x− x′| + |t − t′|)−d+12 [∑±(1+ |t − t′ + φ±(x− x′)|)−N ],
(3) | ∫
Rd
K (x− y, t)K (x′ − y, t)dy| CN (1+ |x− x′|)−N .
Proof. To prove (1), we ﬁrst note that the map
R+ ×Σ → Rd, (ρ,ω) → ρω = ξ
deﬁnes polar coordinates with respect to ρ by way of
dξ = ρd−1〈ω,n(ω)〉dρ dσ(ω),
where dσ denotes the surface measure on Σ and n(ω) is the outward unit normal vector to Σ at ω ∈ Σ . By using this and
(2.5) we obtain


























We perform integration by parts via
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(
e2π iρ[t+φ±(x)]
)= (2π i[t + φ±(x)])Ne2π iρ[t+φ±(x)]
to obtain





1+ ∣∣t + φ±(x)∣∣)−N]. (2.7)
We combine (2.7) and the fact∣∣φ±(x)∣∣ c|x| (2.8)
for some c > 0 to obtain
K (x, t) CN
(
1+ ∣∣(x, t)∣∣)−d+12 [∑
±
(
1+ ∣∣t + φ±(x)∣∣)−N].
To establish the inequality in (2), we observe
Fd
(
K (x+ ·, t))(ξ) = ∫
Rd
e−2π iy·ξ K (x+ y, t)dy = e2π i[x·ξ+tq(ξ)]ψ(ξ).
We apply Parseval’s formula to the above identity to write∫
Rd
K (x− y, t)K (x′ − y, t′)dy = ∫
Rd












Now it is easy to see that (2) follows from the same argument as in (1). (3) is immediate from (2) and (2.8). 




∣∣t + φ+(x)∣∣ λ}, Γ − = {(x, t): ∣∣t + φ−(x)∣∣ λ}, Γ  = Γ + ∪ Γ −.
We claim that if (x, t) ∈ (Γ )c = (Γ +)c ∩ (Γ −)c then∣∣Kλ(x, t)∣∣ CN,λ−N(1+ ∣∣(x, t)∣∣)−N . (2.10)
In view of (1) of Lemma 2.1 it suﬃces to show that
χ[−1,1](t/λ)
(




1+ ∣∣t + φ−(x)∣∣)−2Nχ(Γ )c (x, t) CN,λ−N(1+ ∣∣(x, t)∣∣)−N .
To prove (2.11) we separately consider three cases: |t| 2|φ+(x)|, 2|t| |φ+(x)|, and |φ+(x)|/2< |t| < 2|φ+(x)|. In each case
we commonly make use of the fact that if (x, t) ∈ (Γ )c then |t + φ±(x)| > λ .
Case 1. |t| 2|φ+(x)|. In this case we have
χ[−1,1](t/λ)
(
1+ ∣∣t + φ+(x)∣∣)−2N  CNλ−N(1+ |t|)−N  CNλ−N(1+ ∣∣(x, t)∣∣)−N .
Case 2. 2|t| |φ+(x)|. Similarly as in Case 1 we obtain
χ[−1,1](t/λ)
(
1+ ∣∣t + φ+(x)∣∣)−2N  CNλ−N(1+ ∣∣φ+(x)∣∣)−N  CNλ−N(1+ ∣∣(x, t)∣∣)−N .
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χ[−1,1](t/λ)
(
1+ ∣∣t + φ+(x)∣∣)−2N  χ[−1,1](t/λ)λ−2N  CN,λ−N(1+ ∣∣(x, t)∣∣)−N .
By combining estimates in three cases we complete the proof of (2.11). Hence if we set
K λ(x, t) = Kλ(x, t)χΓ  (x, t) (2.12)










p − 12 )+‖g‖Lp(Rd+1), (2.13)
for 1 p < 2(d−1)d+1 . The estimate in (2.13) can be actually obtained by the following lemma.
Lemma 2.2. Let E be a ﬁnite subset of Zd × Z and let c : E → C be an arbitrary function. Then for 1 p < 2(d−1)d+1∥∥∥∥ ∑
(i, j)∈E





p − 12 )+
( ∑
(i, j)∈E
∣∣c(i, j)∣∣p) 1p . (2.14)











i + x′ − y, j + t′)g(i + x′, j + t′)dx′ dt′.

























∣∣g(i + x′, j + t′)∣∣p)1/p dx′ dt′
 Cλ(d−1)(
1
p − 12 )+‖g‖Lp(Rd+1),
which gives us the estimate in (2.13).
Now we apply a dyadic interpolation lemma (Lemma 2.2 in [4]) to see that Lemma 2.2 follows from:
Lemma 2.3. Let E be a ﬁnite subset of Zd × Z, and let c : E → C be an arbitrary function with |c(i, j)| 1 for all (i, j) ∈ E . Then for
1 p < 2(d−1)d+1∥∥∥∥ ∑
(i, j)∈E





p − 12 )+(E)1/p . (2.15)
3. Proof of Lemma 2.3
Notation. For each k ∈ Z, Dk denotes the collection of dyadic cubes D ⊂ Rd+1 with side-length 2k . And Tr(Dk) denotes the





(1,1, . . . ,1): D ∈ Dk
}
.
Let Tr(D) =⋃k∈Z Tr(Dk). For each cube Q ⊂ Rd+1 with side-length 2k , we write (Q ) = 2k . For each Q ∈ Tr(Dk), Q ∗ de-
notes the unique element of Tr(Dk+1) containing Q . The cardinality of a ﬁnite set E is denoted by E .
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Deﬁnition 3.1. Fix u  1 and k 0. Let E be a ﬁnite subset of Zd ×Z∩ [2k,2k+1). We say that E is of density type (u,2k) if
(E ∩ Q ) 2u(Q )
for any Q ∈ Tr(D) with 1 (Q ) 2k .
We consider u ∈ U = {2v : v = 0,1,2, . . .} and decompose the set E into disjoint subsets E(u) of density type (u,2k).
Lemma 3.1. (Cf. Lemma 3.7 in [4].) The sets E(u) have the following properties.
(1) E =⋃u∈U E(u) and the unions are disjoint.







(Q i) u−1E(u). (3.1)
(3) E(u) is a set of density type (u,2k).
Proof. The proof is the same as that in [4]. For each u ∈ U , let Ê(u) be the set of all points in E that are contained in some
translated dyadic cube Q ∈ Tr(D) with 1 (Q ) 2k such that
(E ∩ Q ) u(Q ). (3.2)
Also set




In fact Ê(u) ⊃ Ê(2u) and so E(u) = Ê(u) \ Ê(2u). By deﬁnition E(u) are disjoint and ⋃u∈U E(u) = Ê(20), and (1) follows by
observing that Ê(20) = E .
To prove (2), cover the set Ê(u) by a ﬁnite number of 12 (1,1, . . . ,1) translated dyadic cubes satisfying (3.2). Then there
exist disjoint translated dyadic cubes Q i ∈ Tr(D), i = 1,2, . . . ,N(k,u,E) satisfying (3.2). And (3.1) follows from the disjoint-
ness of the selected translated dyadic cubes.
To prove (3), let y ∈ E(u) then by deﬁnition y /∈ Ê(2u) and so for any translated dyadic cube Q ∈ Tr(D) with 1 
(Q ) 2k we have
(E ∩ Q ) < 2u(Q ).
Therefore E(u) is of density type (u,2k). 




K λ(i − y, j)c(i, j).
Lemma 3.2. For all u ∈ U , the Lebesgue measure of the support of Gu is  Cu−1λd−1+E .














Lemma 3.3. Let d > 3. Assume |c(i, j)| 1 for all (i, j) ∈ E(u), then
‖Gu‖22  Cu
2
d−1 log(2+ u)E(u). (3.3)
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‖Gu‖p 
∣∣ supp(Gu)∣∣ 1p − 12 ‖Gu‖2  Cu d+12(d−1)− 1p (log(2+ u)) 1p − 12 λ(d−1)( 1p − 12 )+(E(u)) 1p .
Therefore for 1 p < 2(d−1)d+1 , we can sum in u, and we have Lemma 2.3 and complete the proof.




)⊂ {(x, t): ∣∣t + φ±(x)∣∣< λ, |t| < λ}⊂ {(x, t): ∣∣φ±(x)∣∣< 2λ, |t| < λ},
we have∥∥∥∥ ∑
(i, j)∈E(u)























K λ − Kλ
)














K λ − Kλ
)
(i − y, j)c(i, j)
∣∣∣∣2 dy  CN,λ−N(E(u)∩ Q ).
Hence it suﬃces to show that∫
Rd





Kλ(i − y, j)c(i, j).
Whitney decomposition. Let Q ∈ Tr(Dk) be ﬁxed; then we consider a Whitney decomposition





Q lv × Q lv ′
where Q lv , Q
l
v ′ ⊂ Q are translated dyadic cubes of side-length 2l and Q lv ∼ Q lv ′ means:
(1) For each Q lv there are ﬁnite number of Q
l
v ′ depending only on the dimension d + 1 such that Q lv ∼ Q lv ′ .
(2) If l > 0, then Q lv and Q
l
v ′ are not adjacent but their parents are and so
2l  dist
(



















∣∣〈GQ lvu ,GQ lv′u 〉∣∣.
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(1) |〈GQ lvu ,GQ
l
v′
u 〉| Cu2−d+32 l[(E(u)∩ Q lv)]
1
2 [(E(u)∩ Q lv ′ )]
1
2 ,
(2) |〈GQ lvu ,GQ
l
v′
u 〉| C2l[(E(u)∩ Q lv)]
1
2 [(E(u)∩ Q lv ′ )]
1
2 .
Proof. For (1), by (2) of Lemma 2.1 we have











Kλ(i − y, j)Kλ
(








1+ ∣∣i − i′∣∣+ ∣∣ j − j′∣∣)−d+12
 C2− d−12 l
(E(u)∩ Q lv)(E(u)∩ Q lv ′).




(E(u)∩ Q lv), (E(u)∩ Q lv ′)] Cu2l.
For (2), note that
∥∥GQ lvu ∥∥22  C2l∑
j
∥∥∥∥ ∑
i: (i, j)∈E(u)∩Q lv




and by (3) of Lemma 2.1 we have
∥∥∥∥ ∑
i: (i, j)∈E(u)∩Q lv





i: (i, j)∈E(u)∩Q lv
∑
i′: (i′, j)∈E(u)∩Q lv
CN
(
1+ ∣∣i − i′∣∣)−N
 C
(E(u)∩ Q lv)( j), (3.6)
where (E(u)∩ Q lv)( j) = {i: (i, j) ∈ E(u)∩ Q lv}. And (2) follows from (3.5) and (3.6). 
By (1) and (2) of Lemma 3.4, we have
∣∣〈GQ lvu ,GQ lv′u 〉∣∣ C min(u2−d+32 l,2l)[(E(u)∩ Q lv)] 12 [(E(u)∩ Q lv ′)] 12 .























d−1 log(2+ u)(E(u)∩ Q ),
and we have (3.4). 
Remark. In this paper, we did not try to prove the endpoint case α = α(p). But the interested reader may try to prove the
endpoint case by combining the methods in [4].
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